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Imperfection Sensitivity of Elastic-Plastic Truss Columns

EsbenByskov*
Technical University of Denmark, Lyngby, Denmark

The sensitivity to local geometric imperfections in the flanges of elastic-plastic truss columns is studied. The
analysis utilizes the Shanley tangent modulus concept to determine the load at which the column bifurcates into
an overall mode. In order to do so, the reduction in axial stiffness of the flanges due to imperfections and
material nonlinearities must be determined. A finite element method is used for this purpose. Previous studies
have shown that elastic truss columns exhibit sensitivity to local imperfections, and here it is found that strain
hardening plasticity increases this sensitivity. Strain hardening is concluded to be important because application
of a Perry first-yield criterion would lead to an underestimation of the carrying capacity.
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Nomenclature
= cross-sectional area of a flange
= Young's modulus
= effective Young's modulus of geometrically im-

perfect flange

= elastic value of E
= buckling mode amplitudes
= imperfection amplitudes
= distance between flanges
= moment of inertia of a flange
= moment of inertia of the truss column
= bay length of truss
= length of truss column
= hardening parameter
= number of bays
= load unit, seeEq. (3)
= radius of gyration of a flange
= buckling modes
= imperfections
= longitudinal coordinate
= local mode number; range = 2, 3
= shortening of flange member
= normal strain

= nondimensional imperfection amplitudes
= scalar load parameter
= value of X at bifurcation into overall mode for

locally imperfect structure
= elastic value of \B
= value of X at bifurcation for geometrically perfect

elastic-plastic structure

= value of X at overall buckling of geometrically
perfect elastic structure

= value of X at local buckling of geometrically
perfect elastic structure

= value of X at overall plastic bifurcation of
geometrically perfect structure

= value of X at local plastic bifurcation of
geometrically perfect structure

= stress
= Euler buckling stress of flange member
= initial yield stress

Introduction

NONLINEAR interaction between an overall and two
local buckling modes causes imperfection sensitivity in

elastic truss columns. This result is remarkable because all
modes are Euler buckling modes that are imperfection in-
sensitive by themselves. The elastic case has been studied in
Refs. 1-3. The present study, which neglects the continuity
between the bays of the column flanges, is concerned with the
equivalent elastic-plastic problem and can be viewed as an
extension of the work of Thompson and Hunt l or of
Crawford and Hedgepeth.2 An investigation of a stiffened
panel4 indicates that plasticity increases the imperfection
sensitivity. The results for the truss columns agree with this
observation.

For elastic structures it usually proves feasible to apply
some asymptotic method such as those developed in Refs. 5-7.
When the structure experiences plastic strains it is, in general,
not possible to establish an asymptotic expansion which
covers the geometrically imperfect cases, and it is necessary to
resort to numerical methods.

Structural Problem
We consider a simply supported truss column, see Fig. 1,

which is long and slender such that the number of bays 7V> 1,
its length-height ratio L/H>\\ and such that end distur-
bances may be ignored. The flanges are, by themselves,
assumed to be slender in the sense that // ( A f ) ^ 1 where /
denotes the moment of inertia of a flange, A its cross-
sectional area and £=L/7Vthe bay length. Deformation of the
column is restricted to its own plane. The column is loaded by
an axial load XP applied to one of the ends. The load unit P
will be defined later, and X is a scalar load parameter.
Following Refs. 1-3, we neglect the stiffness of the bracing
and adopt the tacit assumption of Refs. 1 and 2 that the
flanges have hinges at all nodal points.

In this structure there are three buckling modes that may
interact; namely, an overall column buckling mode involving
the entire structure and two local column buckling modes
confined to the upper and the lower flange, respectively. The
overall mode is an Euler mode with wavelength 2L, and the
local modes are Euler modes with wavelength 2f and with the
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same amplitude in all bays. We assume that local initial waves
in the shape of the local buckling modes comprise the only
imperfections, and we take the imperfection amplitude to be
the same in both flanges for all bays.

We will consider a loading history during which the load
parameter X is increased slowly from the value 0. During the
early stages the column axis remains straight, but at the same
time the local buckles grow in size. Whether or not plastic
deformation occurs, the resistance to bifurcation into the
overall mode is reduced due to the increased waviness of the
flanges. When X reaches a certain value \B the column
bifurcates into the overall mode. This bifurcation is governed
by the "effective" tangent modulus £eff (see Refs. 1 and 2) of
the flanges. Application of the Engesser or Shanley column
formula then provides the expression

with
Ij=2A(H/2)2

(1)

(2)

Elastic Results and Normalizations
It is convenient to take P as the load that causes local elastic

buckling of the perfect flanges, i.e. ,

P=2<x2(EI/t2) (3)

where E designates Young's modulus. Overall buckling of the
geometrically perfect elastic truss is characterized by the value
X 7 o f X

where

(4)

(5)

is the radius of gyration of a flange. At local elastic buckling
the value of X is

\a = l, oi=2,3 (6)

where a = 2 refers to the upper and a = 3 to the lower flange,
respectively.

From Eqs. (1-5) we get

where
E=Eeff/E

(7)

(8)

is a nondimensional effective modulus of elasticity. The value
of E is a direct measure of the reduced carrying capacity of the
structure. We at this point may emphasize that Eqs. (7) and
(8) are also valid in the elastic-plastic case with the remark
that X7 still designates the elastic overall bifurcation load. It
seems reasonable to expect \B < X7 and also \B < 1.

The transverse components of the modes are

and

a (x) =

(9)

(10)

where x is the axial coordinate. As mentioned earlier, we
assume that a local initial waviness wa (x) in the shape of the
local buckling modes constitutes the only imperfection

where, obviously,

we can get the elastic value EE of E from Ref. 1 or 2 as

and that the size of these imperfections is the same in both
flanges

fs=-f2 ^ 02)

When we introduce the nondimensional imperfection am-
plitudes r?a by

(13)

(14)

(15)

Now, the value Xf at elastic bifurcation into the overall mode
can be determined from

(16)

Only in the elastic case can we get the analytical expression
Eq. (15) for E and, thereby, the analytical expression, Eq.
(16),forX5.

Elastic-Plastic Case
We take the constitutive relation of the material in the

flanges to be elastic-plastic with power law hardening and a
continuous tangent modulus

6 (7— = — for elastic loading and unloading
ey OY

€ / 1 I 0" \n 1 \ <7
— = ( - — + 7 - - ) —r for plastic loading (17)
eY \n I (7y I n/ Icr l

Here, a denotes the stress and e the strain, a subscript Y
signifies the value at initial yield, n is the strain hardening
parameter, and over dots indicate increments. When n=l, we
return to the linearly elastic law, and when «—>oo we get
perfect plasticity.

As in the elastic case we assume moderate displacements
and employ a consistent theory with a quadratic measure for
the fiber strain. Application of the assumption of plane cross
sections and the constitutive law provide the stresses. The
normal force and bending moment in the flange member are
then found by integration over the cross section. The effective
nondimensional tangent modulus E of the imperfect elastic-
plastic flange is determined from

E=
1 Pt dX
2 ~AE dA (18)

a (x) = (11)

where A denotes the shortening of the flange member, see Fig.
2. In the numerical computations, we prescribe A and for each
value of A we record the increment dX due to an infinitesimal
increment dA of the shortening. In this way we get E as a
function of X for a particular beam with a certain im-
perfection 7/2. We shall later show that the E—X relation
provides information about the value of \B for a whole range
of designs.

In the presence of plastic deformation it is usually necessary
to employ some numerical methods such as the finite element
method to determine the X — E relation. We base the finite
element expressions on the incremental principle of virtual
work. In the determination of each X — E curve we use in the
order of 50 different values of A and iterate at each level until
convergence is obtained. Then, for each value of A, we
perform a computation in which the support at x=£is allowed
to translate longitudinally. Inversion, or actually factoring, of
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Fig. 2 Geometrically imperfect flange member.

0
• Onset of plasticity
A Onset of elastic unloading

Fig. 3 Effective tangent modulus, OY = 0.9 aE, n = 3.

the tangent stiffness matrix for the finite element assembly
yields the desired value of dX/dA.

The finite elements utilized here employ three degrees of
freedom to determine the axial component of the
displacement field and four degrees of freedom, namely two
rotations and two translations, to determine the transverse
component. All nodal displacements will then contribute
linearly varying fiber strains in each finite element. We
compute the element stiffness and right-hand side matrices by
use of Gaussian quadrature. Numerical experience shows that
application of four finite elements each with six integration
points along the length and eight integration points across the
thickness provides ample accuracy.

Numerical Results
In the elastic case the only geometric cross-sectional

properties which enter the solution for \B are A and /. In the
elastic-plastic case the actual shape of the flange cross section
constitutes an additional parameter. We have taken the cross
section to be square with the side length equal to 1/20 of the
bay length f, which leads to realistic structural designs.
Another additional parameter is the initial yield stress ay, or
rather the ratio \Y between aY and the local Euler buckling
stress <JE. It is common practice to make designs such that
OY — GE

 and we have investigated two cases; namely, ar = 0.9
OE and vY = aE. The final additional parameter is the har-
dening parameter n for which we have taken two values;
namely, 3 and 10 characterizing a high and a low hardening
material, respectively.

The graph in Fig. 3 covers geometrically imperfect columns
which all have X r = 0.9. Because X r < l , their geometrically
perfect counterpart has a lowest plastic bifurcation load
characterized by a value X£ of X which lies between \Y and 1,
discussed later. In spite of the fact that bifurcation at X£ takes
place at rising values of X, we expect that X for the imperfect
columns does not exceed X£, except for extremely small values
of ri2 perhaps. In Fig. 3, X lies below X£ even for rj2

 as small as
0.003. At this point we mention that X£ is also the lowest local
plastic bifurcation load for the perfect truss column.

Any point (X,£") in Fig. 3 can be interpreted as a point at
which some reticulated column bifurcates into the overall

0 1
—— Elastic-plastic --- Plastic
• Onset of plasticity

Fig. 4 Carrying capacity of imperfect truss column, oy = 0.9 OE,

—— Elastic-plastic ---Plastic
• Onset of plasticity

Fig. 5 Carrying capacity of imperfect truss column, <rF 0.9 aE,

mode. Equation (7) shows that the line E= 1 corresponds to
\B = X7 and that all points on the line through the origin and
(X7,1) signify designs with the classical elastic overall buckling
load X7 . Points of intersection between this latter line and the
E— X curves may, therefore, provide the sought \B — rj2
relation for a fixed X7. When we let the line sweep over the
E—X diagram, we obtain the plots in Fig. 4.

It is of interest to compare the carrying capacity \B of the
locally imperfect elastic-plastic truss column with both that of
the equivalent elastic structure Xf and with the lowest
bifurcation load \p of the geometrically perfect elastic-plastic
truss column. Equation (16) provides Xf, and Xp is given by

= min(7, X7, X£, Xf) (19)

where Xf denotes the overall plastic bifurcation load. Minor
derivations show that

and

When Xy > 1, Xp is given by

Xp = X7 for 0 < X 7 < 7

= 7 for 7<X 7 <oo

and otherwise by

Xp = X7 for 0<X 7 <Xy

= Xf for X y <X 7 <7

= X? for 7<X,<oo

(20)

(21)

(22)

(23)
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Fig. 6 Sensitivity to local imperfections, aY = 0.9 aE, n = 3.

0.5
Elastic-plastic

Elastic

0 0.5 1.0
Fig. 8 Sensitivity to local imperfections, aY

 = °E> n

• Onset of plasticity
A Onset of elastic unloading
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0 0.5 1.0
Fig. 7 Sensitivity to local imperfections, aY = 0.9 aE, n = 10.

In our examples, the only value o f X y < l i s X y = 0.9 yielding

X£ = 0.9322 for n = 3

= 0.9095 for n = 10 (24)

With the value of XP in hand, we may divide the reduction in
carrying capacity into two parts; namely, the one that is
caused by plasticity alone and the remainder that is due to
geometric imperfections. In the figures, we have shown X£ but
not Xf because Xf only governs in the small interval
0.9<X7 <1, and we focus attention on three designs outside
this range.

It is readily observed from Fig. 4 that plasticity lowers the
carrying capacity except for designs with relatively short and
stocky flange members, i.e., designs with X7 less than ap-
proximately 0.75. On the other hand, if we adopt a Perry
first-yield criterion, see Ref. 8, the plastic branches of the
\B — X7 curves change into horizontal lines emanating from
the dots with a considerable overestimation of the im-
perfection sensitivity as a result. This result holds true even
when X7 is as small as 0.75 provided the imperfection am-
plitude rj2 is greater than around 0.05-0. 1 . In the case of a low
hardening material characterized by n= 10, see Fig. 5, it is, in
advance, less obvious that a Perry criterion would provide too
pessimistic values for the carrying capacity, but even here the
preceding observation holds. From Figs. 6 and 7, plasticity
does not change the character of the imperfection sensitivity
in that the well known cusp at rJ2 =. 0 is also present for cases
with X7 > approximately 1 . The similarity between the elastic
and the plastic curves is so great that the latter may be ob-
tained from the former simply by subtracting (1 - XP) for the
cases with Xp < X7 . This is, however, not the case when Xy = 1
as is seen from Figs. 8 and 9. Here, the cusp on the curves for
Xy > 1 starts at \B = 1 , and yet the plastic values lie below the
elastic. This implies that the imperfection sensitivity in the
plastic case is more severe and more pronounced than when
Xy = 0.9.

Both for Xy = 0.9 and for Xy = 1 , in all cases with , the
sensitivity to small imperfections, i.e., ?j2< approximately
0.1, is increased significantly by plasticity. For larger im-
perfection levels, the absolute value of the reduction relative
to the elastic carrying capacity is almost independent of rj2 .

Truss columns with other common types of flange cross
sections such as circular and I shapes behave somewhat
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Fig. 9 Sensitivity to local imperfections, aY = OE, n = 10.

differently from the square used here. For a circular cross
section plasticity spreads more slowly and the elastic-plastic
results are closer to the elastic values. For an I-shaped cross
section, the situation is the opposite because essentially all
fibers experience plasticity simultaneously and, consequently,
the elastic-plastic curves lie further below the elastic ones than
when the cross section is a square. In all cases, however, the
behavior is similar to the formerly described.

Overall Imperfections
Overall imperfections which are not treated -here can be

taken into account by application of Shanley's model to the

truss column. The bay in the middle of the column then serves
as the elastic-plastic hinge in Shanley's column model. Such a
model is consistent with our assumption that the column
flanges have hinges at all nodal points.

Conclusions
The foregoing discussion leads to the following con-

clusions. When plasticity develops it increases the sensitivity
to local geometric imperfections. The effect is especially
strong for small imperfection levels. Designs with the local
Euler buckling stress equal to the initial yield stress suffer a
further increased sensitivity. Strain hardening, even when it is
low, is important for the carrying _ capacity because, if it is
neglected, then the imperfection sensitivity is overestimated.
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